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00 Mellin transforms of Whittaker functions
Anton Deitmar
Abstract. In this note we show that for an arbitrary semisimple Lie group
and any admissible irreducible Banach representation the Mellin transforms
of Whittaker functions extend to meromorphic functions. We determine the
possible poles.
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1 Whittaker functions
Let G be a semisimple connected Lie group with finite center. Fix a maximal
compact subgroup K and let θ denote the Cartan involution with fixed point
set K. We will write g0 for the real Lie algebra of G and g for its complexifi-
cation. Next U(g) will denote the universal enveloping algebra of g. We will
interpret U(g) as the algebra of all left invariant differential operators on G.
Let P = MAN be a minimal parabolic subgroup, where we assume that A
and hence also M are θ-stable.
Let Z(A) be the centralizer of A in G and N(A) be its normalizer. The Weyl
group
W = W (A,G) = N(A)/Z(A)
is a finite group. The Bruhat decomposition
G =
⋃
w∈W
PwP =
⋃
w∈W
PwN
is a disjoint decomposition.
Let m0, a0, n0 be the real Lie algebras of the groups M,A,N . and let m, a, n
be their complexifications. Let Φ+ = Φ+(a, g) be the set of positive roots of
the pair (a, g) given by the choice of the parabolic P . For α ∈ Φ+(a, g) let gα
denote its root space and let mα = dim gα. Further let nα = gα ∩ g0. Then
n0 =
⊕
α∈Φ+ nα. Let ρP =
1
2
∑
α∈Φ+ mαα be the modular shift of P .
The Killing form on g is positive definite on a0. It induces an identification
of a0 with its dual a
∗
0 and also a bilinear form 〈., .〉 on a
∗
0.
Let pi be a continuous representation of G on some Banach space. Let pi∞
the Fre´chet space of differentiable vectors for pi. Fix a continuous linear
functional ψ = ψη on pi∞ such that
ψ(pi(n)φ) = η(n)ψ(φ)
for every φ ∈ pi∞. Such a ψ is called a Whittaker functional to the character
η. For φ ∈ pi∞ set
Wφ(x) = ψ(pi(x)φ), x ∈ G,
the corresponding Whittaker function on the group G.
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Proposition 1.1 Assume that pi is admissible and of finite length. There is a
finite set {Dj} ⊂ U(g) and a natural number k0, depending on pi, such that
for all φ ∈ pi∞ we have
|Wφ(am)| ≤
∑
w∈W
ak0wρP
∑
j
‖ Djφ ‖ .
Proof: The continuity of ψ implies that there is a finite set {D′j} ⊂ U(g)
such that
|Wφ(1)| ≤
∑
j
‖ D′jφ ‖ .
From [9], Lemma 2.2 we derive the existence of c > 0, k′ ∈ N such that the
operator norm can be estimated:
‖ pi(am) ‖ ≤ c
∑
w∈W
ak
′wρ
P
for a ∈ A, m ∈M . We thus get
Wφ(am) = Wpi(am)φ(1)
≤
∑
j
‖ D′jpi(am)φ ‖
=
∑
j
‖ pi(am)Ad(am)−1D′jφ ‖
≤ c
∑
w∈W
ak
′wρ
P
∑
j
‖ Ad(am)−1D′jφ ‖ .
Let U(g)ν be the finite dimensional space of all D ∈ U(g) of degree ≤ ν. Let
{D′′j } be a basis of U(g)
ν . For ν large enough we get
Ad(am)−1D′j =
∑
i
ai,j(am)D
′′
i .
By the properties of the adjoint action it follows that there is a constant
c1 > 0 with ai,j(am) ≤ c1
∑
w∈W a
2νρ
P . The lemma follows with Dj being a
multiple of D′′j .
Q.E.D.
From the preceding lemma we will now conclude that the Whittaker function
Wφ(am) actually is rapidly decreasing.
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Proposition 1.2 Let pi be admissible and of finite length. Let α0 ∈ Φ
+(a, g) be
a positive root such that log η is nontrivial on the root space nα0 ⊂ n. For
every natural number N there are D1, . . . , Dm ∈ U(g) such that for every
φ ∈ pi∞ and every a ∈ A we have
|Wφ(am)| ≤ a
−Nα0
(∑
w∈W
ak0wρP
)(
m∑
j=1
‖ Djφ ‖
)
.
Proof: Let X1, . . . , Xn be a basis of the root space nα0 . Since η is nontrivial
on nα0 the function
f(m) =
∑
j
| log η(Ad(m)Xj)|
is nowhere vanishing onM . SinceM is compact there is c > 0 with f(m) ≥ c
for all m ∈M . It follows
WXjφ(am) =
d
dt
Wφ(am exp(tXj))|t=0
=
d
dt
Wφ(exp(Ad(am)tXj)am)|t=0
=
d
dt
η(exp(tAd(am)Xj))|t=0Wφ(am)
= log η(Ad(am)Xj)Wφ(am)
= aα0 log η(Ad(m)Xj)Wφ(am).
So for a ∈ A it follows∑
j
|WXjφ(am)| = |Wφ(am)|a
α0
∑
j
| log η(Ad(m)Xj)|
≥ caα0 |Wφ(am)|.
Iterating this process gives for arbitrary N ∈ N the existence of {D′j} ⊂
U(nα0) such that
|Wφ(am)| ≤ a
−Nα0
∑
j
|WD′jφ(am)|.
Applying the last lemma to D′jφ gives the claim.
Q.E.D.
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A character N → T factors over Nab = N/[N,N ], where [N,N ] denotes the
closed subgroup of N generated by all commutators aba−1b−1 for a, b ∈ N .
Then Nab is an abelian, simply connected Lie group with Lie algebra nab =
n/[n, n], where in this case [., .] denotes the Lie bracket. It follows that Nab
is isomorphic to its Lie algebra and the characters of N thus identify with
the linear functionals on nab. Let
nsimp =
⊕
α∈Φ+(a,g)
α simple
nα.
Lemma 1.3 We have
n0 = n0,simp ⊕ [n0, n0].
Proof: This follows from Proposition 8.4 d) of [7].
Q.E.D.
Thus each linear functional on nsimp extends to a character on N . This
implies that there are characters η which are nontrivial on nα for each simple
root α. In this case we call η a generic character. Let ∆ ⊂ Φ+ be the set of
simple roots.
Corollary 1.4 Suppose that pi is admissible of finite length and that the char-
acter η is generic. For every natural number N there are D1, . . . , Dm ∈ U(g)
such that for every φ ∈ pi∞ and every a ∈ A we have
|Wφ(am)| ≤ min
α∈∆
a−Nα
(∑
w∈W
ak0wρP
)(
m∑
j=1
‖ Djφ ‖
)
.
Proof: This is a direct consequence of the proposition.
Q.E.D.
To be able to apply this corollary we have to make sure that there are generic
characters which are trivial on Γ ∩ N . By [8], Theorem 1.13 we infer that
the image of Γ in Nab is a lattice, which implies that Nab/Γ is a torus. This
implies the existence of an abundance of generic characters that are trivial
on Γ.
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2 The Mellin transform, rank one
Let τ be a finite dimensional unitary representation of the compact group
M . Let ξτ be an arbitrary matrix coefficient of the representation τ . For
φ ∈ pi∞ and λ ∈ a
∗ let
Iφ(ξτ , λ) =
∫
A
∫
M
Wφ(am)ξτ (m)a
λ−ρ
P dadm.
For µ ∈ a∗0 we write µ > 0 if 〈µ, α〉 > 0 for all α ∈ Φ
+ and µ > ν if µ−ν > 0.
For the rest of this section we assume that pi is admissible of finite length.
From the last two lemmas we get
Proposition 2.1 Suppose η is generic, then the integral Iφ(ξτ , λ) converges ab-
solutely for Re(λ) > k0ρP , where k0 is the number of Proposition 1.1. The
linear functional φ 7→ Iφ(ξτ , λ) is continuous on pi∞.
Let (Xj) be a basis of n such that each Xj ∈ nαj for some root αj . Write
Z(g) for the center of U(g).
Lemma 2.2 Let D ∈ Z(g), then D can be written as
D = DAM +
∑
j
XjDj
with DAM ∈ Z(a⊕m) and Dj ∈ U(g). Moreover we have DAM ∈ Z(a⊕m)
M
the subalgebra of M-invariants.
Proof: Write n− = θ(n), then we have the decomposition
g = n− ⊕ a⊕m⊕ n
and hence, by the Poincare´-Birkhoff-Witt Theorem:
U(g) = U(a⊕m)⊕ (nU(g) + U(g)n−).
So D ∈ Z(g) can be written as DAM + f with f ∈ nU(g) + U(g)n
−. Since
G is connected we get Z(g) = U(g)G, so for m ∈ M and D ∈ Z(g) we have
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Ad(m)D = D. The decomposition above is stable under M , so it follows
that Ad(m)DAM = DAM , which implies
Z(g) ⊂ Z(a⊕m)M ⊕ (nU(g) + U(g)n−).
Writing X−j = θ(Xj) we see by the Poincare´-Birkhoff-Witt Theorem that f
is a sum of monomials of the form
XaD1(X
−)b,
where for a, b ∈ Zd+ with d = dimN :
Xa = Xa11 . . . X
ad
d , (X
−)b = (X−1 )
b1 . . . (X−d )
bd,
and D1 ∈ U(a⊕m). For H ∈ a we compute that
[H,XaD1(X
−)b]
equals
(a1α1(H) + · · ·+ adαd(H)− b1θ(α1)(H)− · · · − bdθ(αd)(H))X
aD1(X
−)b.
Since f lies in nU(g) + U(g)n− it follows that only monomials occur with a
and b not both zero. Next, since f commutes with each H ∈ a it follows that
for each monomial both a and b are nonzero, which implies the lemma.
Q.E.D.
Assume now that the representation pi is quasi-simple, which means that the
center Z(g) acts by scalars. Let ∧pi : Z(g) → C denote the infinitesimal
character of pi, i.e.
pi(D)φ = ∧pi(D)φ
holds for every φ ∈ pi∞, D ∈ Z(g). For σ ∈ Mˆ and ν ∈ a
∗ the representation
piσ,ν = Ind
G
P (σ ⊗ (ν + ρP )⊗ 1)
is known to be quasi-simple. Let ∧σ,ν denote its infinitesimal character.
Proposition 2.3 For D ∈ Z(g) write D = DAM +
∑d
j=1XjDj as in the last
lemma. Let rj denote the matrix coefficient rj(m) = η(−Ad(m)Xj). Then,
for 〈Re(λ), ρ
P
〉 > 0 we have
Iφ(ξτ , λ) =
∑d
j=1 IDjφ(rjξτ , λ+ αj)
∧pi(D)− ∧τ,ρ
P
−λ(D)
.
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Proof: For D ∈ Z(g) we have on the one hand
IDφ(ξτ , λ) = ∧pi(D)Iφ(ξτ , λ),
and on the other
IDφ(ξτ , λ) = IDAMφ(ξτ , λ) +
d∑
j=1
IXjDjφ(ξτ , λ).
We compute
IXjφ(ξτ , λ) =
∫
A
∫
M
WXjφ(am)ξτ (m)a
λ−ρ
P dmda
=
∫
A
∫
M
aαj log η(Ad(m)Xj)Wφ(am)ξτ (m)a
λ−ρ
P dmda
= Iφ(rjξτ , λ+ αj)
To prove the proposition it remains to show
IDAMφ(ξτ , λ) = ∧τ,ρ−λ(D)Iφ(ξτ , λ).
Fix λ ∈ a∗ with Re(λ) large. Let τ˘ denote the contragredient representation
to τ and consider the representation γ of AM given by
γ = (λ− ρ
P
)⊗ τ˘ .
Note that the function am 7→ ξτ (m)a
λ−ρ
P is a matrix coefficient of γ, we
denote it by ξγ(am).
On U(g) we have a unique C-linear involutary anti-autormorphism given by
X ′ = −X for X ∈ g. For D ∈ U(g) we have∫
G
Df(x)g(x)dx =
∫
G
f(x)D′g(x)dx.
We compute
IDAMφ(ξτ , λ) =
∫
A
∫
M
WDAMφ(am)ξτ (m)a
λ−ρ
P dmda
=
∫
A
∫
M
DAMWφ(am)ξγ(am)dmda
=
∫
A
∫
M
Wφ(am)D
′
AMξγ(am)dmda
= ∧τ,ρ
P
−λ(D)Iφ(ξτ , λ)
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The proposition follows.
Q.E.D.
Let b ⊂ m be a Cartan subalgebra and let W =W (a⊕ b, g) be the big Weyl
group. Via the Harish-Chandra homomorphism the infinitesimal character
∧pi can be viewed as (a Weyl group orbit of) an element of the dual space of
a⊕ b.
Let r = dimA. If r = 1 there are at most two positive roots in Φ+(a, g).
Let α0 be the short positive root in this case. Let R denote the adjoint
representation of M on n. Let λτ ∈ b
∗ be the infinitesimal character of τ .
Theorem 2.4 If r = 1 then the function Iφ(ξτ , λ) has a meromorphic continua-
tion to a∗. There is a possible pole at λ only if the following conditions are
satisfied: There are integers 0 ≤ l ≤ k and an irreducible subrepresentation
γ of τ ⊗ R⊗k such that, λγ denoting its infinitesimal character we have that
λγ + ρP − (λ+ (k + l)α0)
lies in the Weyl group orbit of ∧pi.
Proof: The function Iφ(ξτ , λ) is holomorphic in the region Re(λ) > k0ρP .
Let α1 be the short positive root. Now Proposition 2.3 shows that Iφ(ξτ , λ)
extends to a meromorphic function on Re(λ) > k0ρP − α1} with possible
poles where
∧pi(D) = ∧τ,ρ
P
−λ(D)
for every D ∈ Z(g). This can only be when the two infinitesimal characters
∧pi and ∧τ,ρ
P
−λ are in the same Weyl group orbit. We iterate this replacing
ξτ by rjξτ which is a matrix coefficient of τ ⊗ R. Further iteration gives the
claim in the case r = 1.
Q.E.D.
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3 The higher rank case
For every simple root α ∈ ∆ let Gα be the connected Lie subgroup of G with
Lie algebra generated by n−α ⊕ nα. Then Gα is semisimple of real rank one
with split torus
Aα = {a ∈ A|a
β = 1 for all β ∈ ∆, β 6= α}.
Let aα,0 be the Lie algebra of Aα and aα its complexification. Let Mα =
M ∩Gα and τα = τ |Mα.
The set ∆ is a basis of a∗, hence every λ ∈ a∗ can uniquely be written as
λ =
∑
α∈∆ λα, where λα ∈ a
∗
α. Let mα be the multiplicity of the root α and
let ρ′
P
= ρ
P
− 1
2
∑
α∈N∆mαα.
Theorem 3.1 Let pi be an irreducible admissible Banach representation of G.
Let φ ∈ pi∞, then the function λ 7→ Iφ(ξτ , λ) extends to a meromorphic
function on a∗ with possible poles along the sets (λ + 2ρ′
P
)α = cα, where
α ∈ ∆ and cα ∈ a
∗
α is such that there is an irreducible Gα-subquotient piα of
pi and there are integers 0 ≤ l ≤ k and an irreducible subrepresentation γ
of τα ⊗ (Ad|nα)
⊗k such that, ∧γ denoting its infinitesimal character we have
that
∧γ + ρ
α
P
− (cα + (k + l)α)
lies in the Weyl orbit of ∧piα.
The Proof of this theorem will occupy the rest of the section. We start by
considering a special case. So let (σ, Vσ) be an irreducible unitary repre-
sentation of M . Since M is compact it follows that σ is finite dimensional.
Let ν ∈ a∗ and let p¯iσ,ν be the corresponding principal series representation
induced from the parabolic P¯ = MAN¯ opposite to P . The representa-
tion is defined to be the right regular representation on the Hilbert space
Hσ,ν of all functions f : G → Vσ satisfying f(man¯x) = a
ν+ρ
P σ(m)f(x) for
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man¯ ∈ MAN¯ and
∫
K
‖ f(k) ‖2 dk < ∞, modulo nullfunctions. The space
of smooth vectors p¯i∞σ,ν coincides with the set of f which are smooth on G.
We especially consider f of the form
f(man¯n) = aν−ρP ϕ(n)
for n ∈ N , where ϕ ∈ C∞c (N, Vσ). This function, defined on the open Bruhat
cell P¯P , extends by zero to a smooth function on G. Let U∞σ,ν ⊂ H
∞
σ,ν denote
the subset of all f of this form.
Let H∞σ be the space of all smooth f : K → Vσ with f(mk) = σ(m)f(k) for
m ∈M , k ∈ K. For ν ∈ a∗ the function
fν(man¯k) = a
ν+ρ
P σ(m)f(k)
defines an element of H∞σ,ν and this attachment sets up an isomorphism of
Freche´t spaces H∞σ → H
∞
σ,ν for any ν. Let U
∞
σ ⊂ H
∞
σ be the inverse image
of U∞σ,ν then this space does not depend on ν, which justifies the notation.
From [10], Theorem 15.4.1 and Theorem 15.6.1 we take
Theorem 3.2 Let η be generic and let ν ∈ a∗ with Re(ν) < 0. Then for any
f ∈ H∞σ the integral
Jσ,ν(f) =
∫
N
η(n)−1fν(n)dn
converges and extends to a holomorphic map on a∗.
Let ψ be any Whittaker functional on p¯i∞σ,ν , then ψ(U
∞
σ,ν) = 0 implies ψ = 0.
Further, for any Whittaker functional ψ there is a functional µ on Vσ such
that
ψ(f) = µ (Jσ,ν(f)) .
Fix ν with Re(ν) < 0. Let f ∈ U∞σ and let ϕ ∈ C
∞
c (N, Vσ) be the function
such that fν(man¯n) = a
ν+ρ
P σ(m)ϕ(n). Let ψ be a Whittaker functional and
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µ be the corresponding functional on Vσ. Then we have
Wfν(am) = µ
(∫
N
η(n)−1fν(nam)dn
)
=
∫
N
η(n)−1aν+ρP µ(σ(m)ϕ(nam))dn.
Thus for λ ∈ a∗ with Re(λ) > k0ρP we get that Ifν(ξτ , λ) equals
I˜f (ξτ , λ+ ν) =
∫
A
∫
N
∫
M
η(n)−1aλ+νµ(σ(m)ϕ(nam))ξτ (m)dmdnda.
Recall that ∆ ⊂ Φ+ denotes the set of simple roots. LetN0 = exp(
⊕
α/∈N∆ nα)
and Nα = exp(nα ⊕ n2α) for α ∈ ∆. For n ∈ N define
ϕ˜(n) = ϕ˜µ,σ,τ (n) =
∫
M
µ(σ(m)ϕ(nm))ξτ (m)dm.
We have a canonical identification C∞c (N, Vσ)
∼= C∞c (N) ⊗ Vσ. We equip
C∞c (N) with the usual inductive limit topology, then the space C
∞
c (N) con-
tains as a dense subspace the algebraic tensor product
T =
(⊗
α∈∆
C∞c (Nα)
)
⊗ C∞c (N0).
Let Tσ,ν ⊂ Uσ,ν be the subspace of all f as above with ϕ = fν |N in T ⊗ Vσ.
Now suppose ϕ lies in T ⊗ Vσ, then ϕ˜ lies in T , since the spaces nα, α ∈ Φ
+
are stable under M . So suppose that ϕ˜ is a finite sum
ϕ˜ =
k∑
i=1
(∏
α∈∆
ϕ˜i,α
)
ϕ˜i,0,
where ϕ˜i,α ∈ C
∞
c (Nα) and ϕ˜i,0 ∈ C
∞
c (N0). Then
Ifν (ξτ , λ) =
∫
A
∫
N
η(n)−1aλ+νϕ˜(na)dnda
=
k∑
i=1
∫
A
aλ+ν
∏
α∈∆
∫
Nα
η(n−1α )ϕ˜i,α(n
a
α)dnα
∫
N0
ϕ˜i,0(n
a)dnda
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Let ρ′
P
= ρ
P
− 1
2
∑
α∈N∆mαα, then∫
N0
ϕ˜i,0(n
a)dn = a2ρ
′
P
∫
N0
ϕ˜i,0(n)dn.
We may assume that ∫
N0
ϕ˜i,0(n)dn = 1
for any i. Then we get
Ifν (ξτ , λ) =
k∑
i=1
∫
A
aλ+ν+2ρ
′
P
∏
α∈∆
∫
Nα
η(n−1α )ϕ˜i,α(n
a
α)dnα da.
We can write A =
∏
α∈∆Aα, where Aα = {a ∈ A|a
β = 1 for all β ∈ ∆, β 6=
α}. Then we get
Ifν (ξτ , λ) =
k∑
i=1
∏
α∈∆
∫
Aα
aλ+ν+2ρ
′
P
∫
Nα
η(n−1α )ϕ˜i,α(n
a
α)dnα da.
Fix an index i and a simple root α. Let Gα be the connected subgroup of G
corresponding to the Lie subalgebra generated by
n−α ⊕ nα.
Then G is a real rank one semisimple group with split torus Aα. Let Pα =
P ∩ Gα and Mα = M ∩ Gα, then Pα = MαAαNα is a minimal parabolic of
Gα. Mapping a function h on M to m0 7→
∫
M
h(m0m)ξτ (m)dm is an L
2-
projection onto the part of L2(M) spanned by ξτ . Therefore it follows that
for any n ∈ Nα: ∫
Mα
ϕ˜i,α(n
m)ξτ (m)dm = ϕ˜i,α(n).
Writing ξτ also for ξτ |Mα we get
Lemma 3.3 We have
Ifν (ξτ , λ) =
k∑
i=1
∏
α∈∆
IGαfi,α,ν(ξτ , λ+ 2ρ
′
P
),
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where IGαfi,α,ν (ξτ , λ + 2ρ
′
P
) denotes the Mellin transform with respect to the
group Gα and fi,α,ν ∈ Ind
Gα
Pα
(σ ⊗ ν ⊗ 1) is given by
fi,α,ν(mαaαnαθ(nα)) = a
ν+ρα
P
α σ(mα)ϕi,α(nα),
and
ϕi,α(nα) =
∫
M
σ(m)ϕ(nmα )ξτ (m)dm.
Note that IGαfi,α,ν(ξτ , λ + 2ρ
′
P
) only depends on the restriction of λ to Aα.
By the results of section 2 it follows that IGαfi,α,ν (ξτ , λ + 2ρ
′
P
) extends to a
meromorphic function and so then does Ifν (ξτ , λ). The position of possible
poles can be read off from Theorem 2.4
We next want to show that Ifν (ξτ , λ) extends to a meromorphic function for
any fν ∈ H
∞
σ,ν . We need the
Lemma 3.4 Let f ∈ H∞σ,ν , then for every d ∈ N there is a sequence fj ∈ T
∞
σ,ν
such that IDfj(ξτ , λ) converges to IDf(ξτ , λ) locally uniformly on Re(λ) >
k0ρP for every D ∈ U(g) of degree ≤ d.
Proof: Fix d ∈ N. We show the lemma in two steps. First assume that f ∈
U∞σ,ν , i.e. f(man¯n) = a
ν−ρ
P σ(m)ϕ(n), where ϕ ∈ C∞c (N, Vσ). Then there is a
sequence (ϕj)j∈N in T ⊗Vσ such that ϕj converges to ϕ in the inductive limit
topology. Let fj be defined by fj(man¯n) = a
ν−ρ
P σ(m)ϕj(n). Let N ∈ N,
then by Corollary 1.4 we know we know that there are D1, . . .Dm ∈ U(g)
with
|Wfj(am)| ≤ min
α∈∆
a−Nα
(∑
w∈W
ak0wρP
)(
m∑
k=1
‖ Dkfj ‖
)
.
Since ϕj converges to ϕ we conclude that ‖ Dkfj ‖ converges to ‖ Dkf ‖ for
every k, which implies that there is a constant C > 0 such that
|Wfj (am)| ≤ Cmin
α∈∆
a−Nα
(∑
w∈W
ak0wρP
)
,
for all j ∈ N. The claim follows by dominated convergence.
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To prove the general case let now f ∈ H∞σ,ν and d ∈ N. By the first part of
this proof it now suffices to show that there is a sequence fj ∈ U
∞
σ,ν such that
IDfj(ξτ , λ) converges to IDf(ξτ , λ) for every D ∈ U(g) of degree ≤ d. For this
let (δj)j be a sequence of functions N → [0, 1] such that
• δj ∈ C
∞
c (N) for every j ∈ N, and
• δj+1 ≥ δj for every j ∈ N, and
• for every n ∈ N there is a j ∈ N with δj(n) = 1.
Now set fj(man¯n) = a
ν−ρ
P σ(m)f(n)δj(n), then fj ∈ U
∞
σ,ν and fj converges
pointwise to f .
For f ∈ H∞σ,ν let
S(f) =
∫
N
‖ f(n) ‖ dn.
On p. 382 of [10] it is shown that this integral converges. Then S defines a
norm on H∞σ,ν and
‖ Jσ,ν(f) ‖ ≤ S(f).
We compute ∫
N
‖ f(nam) ‖ dn = aRe(ν)+ρP
∫
N
‖ f(n) ‖ dn,
so that
Wf (am) ≤ a
Re(ν)+ρS(f).
The proof of Proposition 1.2 now gives
Lemma 3.5 There are D1, . . . , Dm ∈ U(n) such that
|Wfj(am)| ≤ min
α∈∆
a−NαaRe(ν)+ρP
m∑
l=1
S(Dlfj).
Finally the sequence δj can be chosen so that their U(n)-derivatives remain
bounded, so there is a constant C > 0 so that S(Dlfj) ≤ C for all l and all
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j. This implies Lemma 3.4.
Q.E.D.
We want to apply the preceding lemma to derive the meromorphic continu-
ation of Ifν (ξ, λ) for general fν . In order to do this we need
Lemma 3.6 Let fν ∈ T
∞
σ,ν and write as in Lemma 3.3:
Ifν (ξτ , λ) =
k∑
i=1
∏
α∈∆
IGαfi,α,ν(ξτ , λ+ 2ρ
′
P
).
For α ∈ ∆ let Dα ∈ U(Lie(Gα)), then there is D ∈ U(g) such that
IDfν (ξτ , λ) =
k∑
i=1
∏
α∈∆
IGαDαfi,α,ν(ξτ , λ+ 2ρ
′
P
).
Proof: It suffices to consider the case Dα = Id if α 6= α0 for some fixed
α0 and Dα0 = X ∈ Lie(Gα0). For this it suffices to assume that X lies in a
generating set of Lie(Gα0), so, one may take X inside n−α0 or inside nα0 . In
both cases we take D = X and the claim follows since the factors associated
to α 6= α0 are annihilated by X .
Q.E.D.
The meromorphic continuation of Ifν(ξτ , λ) now follows from Lemma 3.4,
Lemma 3.3 and Proposition 2.3. This all works for Re(ν) > 0. But since
Ifν(ξτ , λ) = I˜f(ξτ + ν),
we automatically get the meromorphicity for all ν.
We intend to generalize this result to an arbitrary Banach representation pi.
For this we need
Lemma 3.7 Let pi be an admissible irreducible Banach representation of G,
then there are σ ∈ Mˆ and ν ∈ a∗ such that the Freche´t representation pi∞ is
a quotient of pi∞σ,ν .
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Proof: Let piK denote the admissible irreducible (g, K)-module of K-finite
vectors in pi. The dual (g, K)-module p˘iK also is admissible and irreducible.
By the subrepresentation theorem there exist σ ∈ Mˆ and ν ∈ a∗ such that
p˘iK injects into p¯iσ˘,ν,K . Dualizing we get a nontrivial and hence surjective
(g, K)-map from p¯iσ,ν,K to piK , which proves the claim for the underlying
(g, K)-modules. By Corollary 10.5 of[4] the claim follows.
Q.E.D.
So let finally pi be an arbitrary admissible irreducible Banach representation
of G. Let φ ∈ pi∞ and let F : p¯i∞σ,ν → pi
∞ be a surjective homomorphism.
Pick some f ∈ p¯i∞σ,ν such that F (f) = φ. Then ψ◦F is a Whittaker functional
on p¯i∞σ,ν . It then follows
Iφ(ξτ , λ) = If(ξτ , λ),
so the meromorphic continuation of Iφ(ξτ , λ) is established. Theorem 3.1 is
proven.
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